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ABSTACT

The method of Orthogonal collocation is used to diecretlze

the differential equations describing quastreversible electrode

processes under conditions of potential scanning. lb. resulting

set of ordinary differential equations is solved to give

nwerical simulations. The nuNerical values are compared to

literature data. A method for optimisation of the dimensionless

BLCTIOANALYTKCAL INVESTIGATIONS. TV. parmeter a is given.
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INTRODUCTION wthere the electrode reaction of A to B ts described by a standard

potential t, a standard rate constant or electron transfer k.,
The mathematical description of electrochemical processes at

stationary electrodes yields partial differential equations of the transfer coefficient a and the number n of transferred

electrons. product B may react in a chemical reaction (3) with athe type
homsogeneous rate constant k.

2- = M a 13 INITIAL AND BOUNDARY CONDITIONS

for each species, where f(c| is determined by the homogeneous To simulate a reaction scheme 12)-(3) we have to salve

equations of the type 313 for three species A. B and C (asuing
kinetics Of the electrochemically produced intermediates and the

equal diffusion coefficients for each species).
substrate and x is a distance coordinate. The initial condition

normally i. that the substrate is the only species present in CA_" N

solution and is homogeneously distributed in the x direction. a ML

The boundary conditions are dictated by the experiment IC, 2z.,. - ! - k.$ s
performed and by the kind of electron transfer, I.e. reversibZe 1 D

or irreversible. It has been shown for a variety of boundary

conditions 11-41 that orthogonal collocation 15,61 provides a

powerful. fast. and easily applied method to simulate kinetic c4 -- 3) ii * &CS  16
diffusion problem of this kind. Up to now, however, only at t Ac
boundary conditions related to reversible electron transfer

reactions have been used. The calculation of CC is not essential to simulate purely

electrochemical reepwses for this reaction schsme. Bowever. if
We now report the theory for application of this

one wishes to do so. this calculation may be Included without any
mathematical method to guasireversible electrode mechanisms:

problem.

A a The initial conditions are,

CA: C A 1 7

t .

;t a 1 1'

I IN!N
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yan boundary conditions at an infinite distance from the " < iia

electrode are qiven by Xo

Coo 4 0and

whereas at the electrode O. V

= -

117)

A lis o  
- Ill (where etat is the startinq potential of thu potential sweep

VON O with sweep speed v and t % is the time shea the sweep is

reersed , equation (121 am be ehaned to

,D (. 5& .A; C (Wt)*-jfgC.(0,4) 1121 ! .. ~S()]a

holds. lent 17.81

Recause species C is not electroactive. its flue at x . 0 Is

A ", " .cLp€(-u),./, (F-E')] ,,,) always ro,

and (ill

Ts system of partial differential equations 14)-46) has to

4,,- #xF-CntkT/gT (F-E )J it, be solved under the initial conditions (7) and 19 aNd the

houndary conditions (91-1111. fi? and IM5).

Introduciq Nicholson's definitions 19,91 for potential scn
TRANSFORMATIon4 INFO A SIRtNSItIL1SS SYI OF IuATlonS

conditions (cyclic wotsmmetry)

we have to transform this system of partial differentisi

CA e4 To'f F ( sef - ) (1%) equations and the conditions under which it is to solve into a

o| '

/.
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dimensionles. xota. We use the followimn, transformation C' 133)

equations. C (34)

(a

T' 0(20) 7'). XO,)go a I iI(3s

X X121) 
, "2

(~ 2c;1I

C. /C.A (22) * 0 (35b)

C UCS.C, (24) Cc 1) - . T 0# 13

V .14-aY (261 with

/an D/mL , (27) ex -T, T<T- (37a)
*vp (T'1 rl j 4T( T ,37b)

here L is a distance from the electrode where o diffusion Cs D1SLpEI1AZI Nil)) O*tTMOGi iAI COLWCAIos

occur, luring the simulation. Thus, the disunsionless system is

Now we use orthogonal collocation to derive a system Of

(26) simultaneous Ordinary differential equations fm each of the

2T, X-& three partial differential equations (211-flO). We fit the

L U I* q (29) coefficients of a polynomiaI in c'(s.t) such that the

differential equations are fulfilled exactly at certain points.

94
(q " 430) It has been shown that a very efficient collocation method can be

constructed if we use orthogonal polynomials And If tOSe points

under the conditions are the zeroes of the polynomial 161. Furthermore, in this case.

T'60 X6 1: i the distance derivatives of the concentration at then*

11u~31) -collocation points' ace given by 11..61

1 32)etD

t *

IL______ _ - --- -



I F depnden (361 gives lagain usin (3I4)

wber* the Al.* and 91, Ore matrix elemnts only dependent on the 2A X ) - t 4
kind and degree of the Valynial chosen. A polynomial of deqree -4 f

N has N roots in the open interval between zero end one and we or after expan ion of the sm, collection of the te:ms containing

hae to include the boundary points at x , 0 and t . 1. Thus, c*(O.T-1 and solution for c(.1")it

the dummy, variable varies froe to 1142. -4 A4 Ap..iV

Substituting the aseond derivatives with respect to a In A'/ Lt5#e 145)

equat~on (2) m get

JV+1 lequations 441 and 4451 can be solved for €*0."T',

A.f C , j AV& If';V

"here the sm tan be expanded and the boundary conditions (11) 'e 04e

introdeced: s?76

7.,j~%2I(T)3I,. 4 .e (Xj,T')j 141 N it in powssible to substitute for 4,?-) in equation (41)
Nj and we fIially get

?sConetation Of species A at the electrode outets is not I 44 mj~~
know., explicitly but may be derived from the boundary conditions * A O

(35) and (36). Using (36).'equation (IS) yields: c.. ? 3 fG'A. 1  (r r)- (tA (Jf)
04 .36234%.

1 
1*j

is& It follows from equation (29) after insertion of (l)-

Ord 1* *%panei," of the sum and introduction of the boundary condition
A [ d- 1A2t (4113

I I "

'wl . s e -... -- -- - ,-- -.. .......- .

A4A ~ ~ 1. 43
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and used to express the tim dependence Ot c€ linally;

Again, ca(0,T*) may be calculated. It we insert (43) into (45)

we arrive at I, ; A,4 "pa iJA

EquatioS (471, (50) en (53) defi n system Ot 3 

149)- "  
- - -** T) 9 ordinary differential equations which say be solved by computer

(4-) subroutines. We note the toroal similarity of thee expressions

L. W O T') with the corresponding equatioan de*ived for en BC mechanim with

- -ch may be substituted for c@*(IO,) in equation (48), yielding a reversLble electron trans er reaction 121 under cyclic

the time derivative of the concentration of species B at the voltammetric conditions. The equations derived here tor

collocation point*% quasireversible electron transfers say be used also for the

3'4 simulation o re complicated electrode reactions with Multistep

S homogeneous reactions or reactions of the SC type by changing

1/1S~ "4 JqjA~-4p(50) the kinetic tats [i.e. ftc) in equatime (1)1 to the appropriate

expression. 'his makes the application ot orthogonal collocation

,) .pecially easy once the basic equations for a specific boundary

T express the corresponding derivative for species C we insert value problem have been derived an is one advantage of this

(39) into equation (30), expand and use the boundary condition sthod.

CALCULATION or THE CURANT

The current through the working electrode is given by

The concentration of species C at the electrode surfao (x Of Z= (S41 ('
ay be derived from equation (I5b) as

We ha show 121, that Nicholson and Shamins current function
Ned

CCA4 C c(S21 KxAl ()91 can be related to the diensionless quantities sed in

A4.

am- " - S = i" : "' " " ' ' 8,.,.8.
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th rofomto equtios 201f24 b

"V"lieI for equations of type (26-301. it to posibhle to calculate a

Thus. calculation of I or sfat) requires the calculation of masimum value of 6 Vithout causlnq instability of the solution.

the first derivative of CA with respect to X at the electrode Inequality (57) must be fulfiled for all species and collocation
surface. This my be done gnuw equation 1361 usinq gqustions points. Pro equation (471 follows

t4) m"d (4g). It follows -, . ,

II I 0

tWteca f•t~~abe elctoe "ctoe t ' be

I '~ C A , 3  rlC X 1  T 7

ol+,lAteRnt SX(T7- fl44-'asm .j X the acry in analogy equation (Sol yields

O1. Ia41tATICO O t t NCis lomSLR t ARANM s (NA
while equation 153) gives

tn the cam of a reversible electrode reaction It hoe been

Shown that the value of the dimnsonless parameter 0 has a tlfen
significant Influence an the accuracy of the simulation 121. 1? 7 4 ,11

Also. a method to optimize this vale in terms of stability of a ntecs farvril lcrntase.w o*t
the Solstion Of the differential equation system has be"o given mk ueta 5)i ufle tteOto onsomake sure that (57) is fulfilled at the extree points of a
1161.

Starting with Malatone stability criterion f1ll for possible scan. i.e. SOT-*i 0 IT" - T)'Oi and S *jy'? - I IW'

- 0I.
amning-a predictor-carrector-inteqration method

Insertinq the correspondIng espressions for fy lnto

0.6l Inequality M5) would yield inequalities which ate difficult to

I e solve for 0. If we assume, moevet, that the scan Starts at a
potential wit before the standard potential (which is the

which relates the amxmim stopwidth of the integration h to the

obsolete vetat ogeneral esperimental procedurvo we can set

. -
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),;,-P,N94 065

!". fd .4 €o

(63a) ___________(70_____

As pointed out for the reversible came 1101, s has to be

Equations (59) and 160) reduce for SOi
T

I) - 0 to chosen as large as possible to give reliabi results.

I A B . - RESULTS or TE CALCULATIONS

Calculatlons using the theory derived above have been

and performed on an Aahl 470/Vs computer using a dialog program got

jV W dta inpot Trial functions have been Legendge polynomials with

1. A4,A " ' t(5 diffterent degree H. Table 1 shows the variation at peak

Potential separation with N coepared to the *reference value
while for SX(1'1 - I given by Nicholson I&). The integration step width was 0.5 sV).

i.e. the simulated cyclic voltammogram between 0.0 and 0.3 (VI
A%4 A (66) was constructed fram 1200 data points. The cp-tise needed fot

different N is also given In Table 1.
and i For N • 9 the peak potential separation is essentially the

,same as liven by Nicholson, the difference being 0.5 IsV). i.e.

AV ew A,; *1, Z I IV+A (671 the saw value as the integration step width. for smaller N aEP

Finally stability is maintained if inequalities (68)-(701

Are fulflled Copies Of the praqres which also contains other electrochemical

reaction models are available a) request.

| .

f

| I • -
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deviates considerably. The cpu-time. however, decreases. of more complicated electrode reaction mechanism where

accordinq to this result, all further simulations have been homogeneous chewical reactions art coupled to the quasireversibit

psrto msd with N - 9. Table 2 shows variation of &E., with the electron transfer. The expansion of the theory qiven here to

kinet-c parameter V which is connected to Micholson-s those cases is, as usual in orthoqonal collocation calculations,

parameter T lei by easily done. Simulation andi comparison to experiments with re~al

Isubstrates undergoing complicated reaction sequences will be

171) shown in a further paper.

The maximum deviation from Nicholeon's data Is 1.5 IsV). A

very low value considering that &E. the Integration step width.

is 0.5 (MV). ft should be noted hers that Nicholson's values are

simulated as well. With approximately 2.5 cpu-seconds needed for

1200 data points. the program works fast and efficient.

CONCLUSION

The. technique of orthogonal collocation can be applied to

stimulate qusslriiversible electrode processes under potential

sweep conditions. The5 equation* describing the time dependence

those derived for reversible electron transfers. The

dimensionless parameter 9 can be optimised in term of stability

of the solution of the differential equation system. Th~e

numerical results calculated for the -pure- quasireversible

electron transfer Iu.s. without homogqeneous kinetic

complications$ ar* very close to tihe vrference values given by

Nicholson 131 end computed by a totally different mthod.

161e application of this work is obviously the interpretation

Mo --- -
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Table 1. Simulations of a quasireversible elvctrode process with TabIr 2. imulat i,ons of a quasireversible electrod Processes by
polynomials of different degree M. orthogonal collocation, variation "f *.

R rp *Vi o
a O

K xp
r e  

cpu -tie s) 6Lp (myt
b )  

ea) ,b ) (ay) AtpbI fmY)

6 110.5 -0.4040 0.1989 1.923 10 0.17725 0.1 210.5 712
7 101.0 -0.4036 0.2272 2.044 10 0.44111 0.25 140.0 141
a 104.0 -0.4036 0.235? 2.169 10% 0.62016 0.35 120.5 121
9 104.S -0.4036 0.2369 2.471 10% 0.80623 0.5 104.5 305
10 104.5 -0.4036 0.2370 2.536 105 1.3291 0.75 90.5 92

1.7725 I B).0 84) his work. £0 -0.5 I V). , - 0.8 623.
3.5449 2 74.5 72

b) Nicholson, ret. lot 9 * 0.5 (9' - 0.08 623).
%. 124 3 87.0 88

7.0198 4 65.5 66

8.8623 5 64.0 65

10.6347 6 63.5 64

12.4072 7 A2.5 63

35.4491 20 60.0 61

a) This work. A 0.3 (mv). N - 9. It-El - 0.14 IV).

b) Nicholson. ref. 161. It0-EXI o 0.141 (V).

I
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